10.5 Function of Continuous Random Variables: SISO

Reconsider the derived random variable Y = g(X). Ex Y=X z
x —| 3(-)\—3‘(:3(}) )=
Recall that we can find EY easily by (22)): Y= u|x-15)
EY =E[g(X)] = / 9(x) fx(x)da ~ 9() =4| - -1s)

U] et < Tena
However, there are cases when we have to evaluate probability
directly involving the random variable Y or find fy (y) directly.

Recall that for discrete random variables, it is easy to find py (y)
by adding all px(z) over all z such that g(x) = y:

Rctore A""j this, py(y) = Z pX(.ZU) (23)
cheek  thet z:g(x)=y

Y is cont.
by checkiay For continuous random variables, it turns out that we can’ﬂ sim-
bt +he ply integrate or add the pdf of X to get the pdf of Y.

K sobotions 10.76. For Y = g(X), if you want to find fy(y), the following
£ 7 =9L=d | two-step procedure will always work and is easy to remember:

is alweys
[_a‘l‘ rmort)

covntable \[ (b) Compute the pdf from the cdf by “finding the derivative? -«
"":l every v fy(y) = diny(y) (as described in [10.22), — J‘i[dJ = { <>
vialve,

Yz aXxrb 0, oYwr~i.e
Example 10.77. Supposet Y =5X. Find fy(y).
STep 6 B

Fey) = PLY €1 =P[5X ¢y] =PLx ¢ L] = F ()

(a) Find the cdf Fy(y) = P[Y <y]. = P[ 9(X) ¢ ]

x >o,
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0 = 0, which is true but not interesting nor useful:
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Step 2 °

(A 'F'F: ne )
10.78. Linear Transformation: Suppose ¥ =aX +b. Then,

the cdf of Y is given by
Plx <l oo,
’ a < 0.

Fy(y)P[YSy]P[aXMSy]{
(
Now, by definition, we know that

—b
P[X<y ]:
a
and
Plx= - p xs 122 e [x =]
a a a
—b —b
:1—Fx<y— TiYe) S i
a i
X / o
For contimuousprandomyaniable, 77| X — 2| — 0. Hence,

7 ( ) ij<—§é), a >0,
y\Y) =
1 Fy (52), a<o.

Finally, fundamental theorem of calculus and chain rule gives

ofx (7). 7
Frly) = - Fiy) = _;}5 (y;b) | Z Z 2.

dy
Note that we can further simplify the final formula by using the

| - | function: —yzaxth
= y=b
1 Zp R

fy(y) = me (y7> , a#0. (24)

Graphically, to get the plots of fy, we compress fx horizontally
by a factor of a, scale it vertically by a factor of 1/|a|, and shift it
to the right by 0.

Of course, i@then we get the uninteresting degenerated

co~t.

random variable Y = b. YzaX+h whee oso, X b
— - b rbd |5y {o, y2b,
. . Plr=y1=
ke PLXfffutﬁﬂ]) )/aén
X i =et cont. —
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10.79. Suppose X ~ N'(m,0?) and Y = aX+b for some constants
a and b. Then, we can use to show that Y ~ N (am+0b, a®c?).

-l . .
\r‘o‘x ‘_L -_—_) 4‘)’) gli‘ {c Y:) y-'o ) From ¢arlu¢r sect ﬂn(n,
— -m
-1+ = ) X~N(~ o)
=-—L e c 'EXSMJ Vnox=6’:
o7 olal _1_(}"(“"‘*5) 2 Y=aX+d
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Y
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Sfacio-' Cenes : ( ([10.57] PoA4t)

(a) 2"'”(9,1) D X=02Z +rm N/YI(W\)UZ)
ass be=m

C= 1/6 s \9“ “'“/c-

(v X~N(meo®D = 2= x—;—_:‘r»./V'(0,0 Remark: The
Example 10.80. Amplitude modulation in certain communica- <., ...* fi~c.
tion systems can be accomplished using various nonlinear devices :. . vevy
such as a semiconductor diode. Suppose we model the nonlinear .. portent fuac.
device by the function Y = X2. If the input X is a continuous i~ ec. For
random variable, find the density of the outpu examele, you need it

- wev cal viation,
® Rt =P[Y<¢y] = P[ % ¢¥] for power eclevla

- =P[ ¢~
@F-’fﬂ' note thal Y'-‘-){"- Z 0. T'hc.vc.{ors -cor 7(0/ FYL}'):O. Ex. FYt 3) __:L[\Ltéfg]

rlt.'nj on ‘i, +/p!. O’F %ut)'\-.'or‘-J Q‘Wﬂ.)t, +7 0.
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5T
@ Fov Y =C FY(O) ‘P[X,'SO]‘P[Xzo]:o
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FUG)-F (-3), y>o, steeD /x()')T ;{r(f)'f)J y >0
E )= —> ;{{(y)= 2/y 215
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To check thatr o RV Y

is oo cont. RV,
tYech h:%fuc.s .

tbeve eve twio

\ m(w‘i'ﬁn"('

@ Check Har the cdf FY{'7> is a contiavow 'Cmc,+.or‘1 Garall)/)

(mo jume)
@ Check tThat P[Y'y] =0 (-Fo/ ony y)

Ex. Consider Y= X when

¥ W a COA"':-\uo\u vV

P["=°3J=C:Q Y =0,

PLY=r] =Pl X" =y] = JPIx=/)eflf=-) oo,
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Ex. Y= c.os(x) when X s o cont, (V4
O e cOs %
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Yes

/AN
| %

Y =cos () o

L’l‘\n{_ nurbbers o{' selu}iong '{-\ol

Couatalle

pLY=0]

1]
-
F ]
™
c
w
r""\
X

G +k7, ko tyry . ]

———
=2F[X=I kﬂ'ﬂl=o )

ez -



For each 7’ valve,

+re collection of & volves Frhat SQHJ{?/ 7:3(4)
is at most counteble, I~ forticolos,
Don' & lﬁnvf_ o )
?t-.,..;_g;' 3u|u‘]‘.uqs w\-.o--;/?b
cons: der P side 2Y b a cort. RV, one A
Gecavie X~EXN)

b we no Sbluﬁbn Wik 8 )/&D
cons. e orly > 0

~z- Find fy(y).

\ qeer =L stee (D Ry = P[Ysy] = PLSu ¢ 7]

//) CD Nete dnat 2 v0 >
| ) *

=pl L = R | ] 1
» ™ w0, F o0 =P] et ¢y]=elx >3]
() =
x

) aleays %0 - Example 10.81. Suppose X ~ E(N). Let Y =

y = P,_X >f?:|

, ary ¥7° . 1 1 +PRx ¢ -4

@, Orurwice &  would satisties -1 -flx&= 21- —

VT 1d e = 1 l"[ /9] 1 F-XL,;) \E\ 5
,r(_’)=2 AR 1= Fe( 75) >e for 3
X r;’ o, o Herwise @'@: FY l)’) - l . Y :h'w“"

Exercise 10.82 (F2011). Suppose X is uniformly distributed on 4 -k )
the interval (1,2). (X ~4(1,2).) Let Y = . d),?';-Fa;?' =iyt
Step 'JT?
(a) Find fy (y). y ‘- *"f.(_'};)“'l':.y 12 y 2o
(b) Find EY. v s 5 otieowine,
7 _ A
. : : _2A _a
Exercise 10.83 (F2011). Consider the function re 7w 1,78 yso,
z, x>0 =
g(ﬂf) —z, < 0. o, Otherwise,

Suppose Y = ¢g(X), where X ~ U(—-2,2).

Remark: The function g operates like a full-wave rectifier in
that if a positive input voltage X is applied, the output is Y = X,

while if a negative input voltage X is applied, the output is Y =
—X.

(a) Find EY.
(b) Plot the cdf of Y.

(¢) Find the pdf of Y
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Dc":;n:"':on s Surlaor‘l' s cma\'ab\e = PLX=&]=O Y
= 3 o covntable set S : Pocte!
-tlu:u‘::if;“* P(xEs1=1, z '{;L") 15 veal-valved
5 (no § fuaction)
z R e 5‘}a.if_u.;11'|:vnc. z l:xld.) b a cortinvon function
r—0 / 1
’ Discrete C(;ntinuous
P[X € B = %;BPX(I) lj;fx(x)dx
PlX =a]= px(z) =F(z) - F(z7) 0
Pal X 6] = P[afx €b]~ t[ag x<b]
PX((a,b]) = F (b) - F(a) P* (@) = P* ([a.b]) ~ wp[a ¢ x4¥]
PX([a,b) = F(b)— F (a7) = P*([a,b)) = P* ((a,)))
Interval prob. « - - b
P*([a,0))=F(b") — F(a™)
PX((ab) =F () ~Fla) | /fX(f”)d:” = Fb) = Fla)
+o0
EX = > apx(a) [ afx(x)da
_ 4 X) <
fry) = & [9(X) <]
Alternatively,
z: g(x)=y _
fY(y> ; |g/(xk:)|’
zj, are the real-valued roots
v of the equation y = g(z).
For Y = ¢g(X),
P [Y = B] = x:g(zz;EBpX(x) {x:g(x)eB} fX(z)dl'
+oo
Elg(X)] = > 9(@)px(2) 7f 9(x) fx (x)dx
“+o00
E[X?] = ST x?px(x) [ 2 fx(z)dx
Var X — S (2 — EX)?p () T —EX)? fy(0)dn

Table 7: Important Formulas for Discrete and Continuous Random Variables
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